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Abstract

The observed topology change of spherical lipid vesicles to coffee cups [Saitoh, A. et al., Proc. Natl. Acad. Sci. USA
95 (1998) 1026] was analyzed by a statistical mechanical theory. The topology change was due to the adsorption of
talin molecules to the orifices of the coffee cups. The adsorption isotherm of talin between an aqueous solution and
the vesicle membrane was analyzed by taking account of the bending energy of the membrane. The equilibrium is
determined by the balance of the energy gain for the adsorption of talin to the periphery of the vesicles and the
change of the bending energy of the membrane due to the shape change. The observed coexistence of coffee cups
and sheet-like vesicles were reproduced. Vesicles with two orifices were also analyzed and theoretically reproduced.
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1. Introduction

Lipid bilayer membranes form various mor-
phologies such as spherical vesicles, tubules and
lamellar structures in aqueous solution depending

*Corresponding author. Tel.: +81-952-34-2194; fax: +81-
952-34-2022.
E-mail address: suezaki@post.saga-med.ac.jp (Y. Suezaki)

on the materials, preparations, boundary condi-
tions, and other factors. By combining with other
molecules, the variety of morphologies of lipid
membranes can be expanded further. Our group
also observed several interesting phenomena in
the systems of lipid membranes and proteins [1,2].

Recently, Saitoh et al. [3] observed a dramatic
shape change of spherical lipid vesicles to coffee
cup shaped vesicles, vesicles with more than a
single orifice, and sheet-like vesicles by adding
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talin (cytoskeletal submembranous protein) to
aqueous solvents. The adsorption of talin to the
peripheries of the coffee cups, sheets, etc., was
confirmed by dark-field microscope and fluores-
cence methods. With concentrations of >1 pM
talin, coffee cup shaped vesicles appeared, which
coexisted with the spherical vesicles. By increas-

ing the concentration further, sheet-like vesicles
appeared and coexisted with the coffee cups. The
fraction of the sheets increased with additional
talin [3].

To explain the above interesting phenomena,
we formulated a statistical mechanical formula
for the adsorption of talin to the vesicles. De-
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Fig. 1. Schematic picture of adsorbed talin to the vesicle and geometrical pictures of the coffee cups: (a) schematic picture of
adsorbed talin to the vesicle; (b) geometrical showing of the coffee cup with a small orifice; (c) geometrical showing of the coffee

cup with a large orifice.
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pending on the experimental procedure, the ini-
tial spherical vesicles made in the laboratory [3]
may not be in true equilibrium but might be in a
metastable state. For several tens of minutes that
are shorter than the lifetime of the vesicles, how-
ever, we can assume the metastable state as a
starting point. The talin molecule is adsorbed at
the orifice of the vesicle due to the hydrophobic
nature of the part of the talin molecule. Fig. 1a
shows a schematic drawing of the adsorption of
talin to the vesicle.

We employ the bending energy of membranes
as the energy of shape change of the vesicles. The
general form of the bending energy is written as

Epong = %f/(cx+cy—co)2d5 (1)

where «, ¢, ¢,, and ¢, are the bending modulus
of the membrane, two principal curvatures and
the spontaneous curvature, respectively [4]. The
integral is taken over the surface of the mem-
brane. Eq. (1) has been employed by many work-
ers as a model of mechanical membrane energy
[5,6]. We do not take account of the Gaussian
curvature term. It is because the appearance of
the periphery in the shape change from the spher-
ical vesicle to the coffee cup vesicle does not cost
the bending energy.

The spontaneous curvature of the bilayer mem-
brane is usually assumed to be zero. However,
this idea is based on the assumption that the
membrane system is in equilibrium. As we stated
before, the vesicles were not necessarily in the
equilibrium state but were made by mechanical
agitation or were under some specific boundary
conditions of the system [3]. As the turn-over time
of a lipid molecule from one monolayer to the
other is very long, artificially made vesicles could
initially possess non-zero spontaneous curvatures
[7-9].

The adsorption of talin to the periphery of the
vesicles is formulated in detail in Section 2. In
Section 3, a semi-quantitative evaluation of the
theory and the observed data is made. Also, vesi-
cles with other shapes are analyzed. In Section 4,
conclusion and discussion will be given.

2. Theoretical formulation

First, the bending energy of a coffee cup shaped
vesicle is calculated. Fig. 1b shows the geometri-
cal definition of the coffee cup. The initial radius
of the spherical vesicle is defined as R,. The radii
of the coffee cup and its orifice are denoted as R
and r, respectively. The actual shape of the cup is
a little different from ours [3], but we employ the
shape given in Fig. 1b as a first approximation.
Because the surface area of the vesicle is con-
served upon deformation, the surface area, S, is
given as

S=2nwR?

PRV
1+y1- (%) )
which is identical to the surface area of the
sphere
S=4mR} 3)
When a vesicle deforms further, the shape be-

comes that shown in Fig. 1c and the surface area
S turns out to be

S=21TR2(1— 1—(

) ) @

Now, we define the relative curvature, x, by

=)~

R
x=70 (5)

From Egs. (2), (3) and (5), we obtain the relation-
ship

r=2R,V1—x* (6)

Accordingly, the bending energies, E,.,., and
E.,, of the spherical and cup shaped vesicles
become

Egnere =5 [ (e, +¢, = cp)'dS = 2mx(2 = ¢y Ry)’

@)

sphere
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Eop= %f(cx +e,—c)’dS =2mk(2x — ¢y R,)’
®

The bending energy of sheets will be considered
in Section 3.

To formulate the theory of the adsorption of
talin, we define the total number, X, and the
adsorbed number, N, of talin to the orifices of the
vesicles in the system volume, V. The partition
function Z of the total system is written as

Z=2ZwwZa €

1 _
L = m(Pf)b)ﬁlkN (10)

Zoy= 5y o™

1
Xexp|— ﬁ(_N‘?o + n(ECup - Esphere))]
(11)
where
(P =NV 12)
(pfaa =\"32mnrd? (13)

In Egs. (10)-(13), the (pf),, and (pf),q are the
molecular partition functions of a dissolved talin
in the aqueous solvent and an adsorbed talin,
respectively. Also, n,, n, and (}*) in Eq. (11) are
the numbers of vesicles and coffee cups and the
number of the combinations of choice n from n,,
respectively. In Eq. (11), we denote, &, as an
affinity energy of talin from water to the orifice of
the vesicle. For computational simplicity, we pos-
tulated that the sizes of the spherical vesicles
were mono-dispersed in the solution. The factor
N in Egs. (12) and (13) is the de-Brogrie wave
length defined by

h
AN= — 14
V2mmkT (14)

where h, m, k and T are Planck’s constant, mass
of a talin molecule, Boltzmann’s constant and
temperature in Kelvin, respectively. As we are not
concerned with the quantum effect (Planck’s con-
stant), the resulting physical quantities derived
from the partition function will not contain \ at
all. In Eq. (13), it is postulated that the adsorbed
talin can move around the total volume 2mwnrd?
of the orifices of whole cups. The talin molecule
is assumed to be a cube with side d for simplicity.

The free energy, F, of the total system, be-
comes

F=—kTInZ
-3
= —(X—N)ktln(%)
—Nlen(w) ~ Ne,
+n(Ey, = Egphere) —kTlngInng—nlnn
—(ny—m)n(n, —n)] (15)

The free energy, F, should be minimized to ob-
tain equilibrium. Here, the term equilibrium
refers to the metastable equilibrium in the sense
stated in the previous section. Similar formula-
tions and definitions have been used to explain
other membrane phenomena by Suezaki [10-12].
The fourth term of the right hand side (RHS) of
Eq. (15) is the change of the bending energy from
the spherical vesicles to cups. The factor e in Eq.
(15) is the root of the natural logarithm.

To minimize the free energy defined above, we
take N and n as independent variables. Then, the
other variables, x and r are expressed by N and
n. The following relationships hold for the de-
fined variables;

2mnr
N = 7 (16)
N2
X = 1 —Ol(ﬁ) (17)
2
o= ( 4:R0) (18)
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By taking the derivatives of F with respect to N
and n, we obtain

or
IN ~ Pad T Pbuk T 0 (19)

X—N)

Mo = len( - (20)

Mogqg = —kTIn(ed?) — g+ 8mkn(2x — CORQ);)_])\C]
(@A)

oOF .

0x
W cup sphere + 8’1Tl’lK(2x - CORO)W

+len( n
n

=0 (22)
0

In Egs. (20) and (21), the factors p,; and .4
are the chemical potentials of dissolved talin in
the aqueous solvent and the adsorbed talin, re-
spectively. From Eq. (17), the following equations
are derived.

0 1

N = ) @)
d 1

%=ﬁ(1—x2) (24)

From Egs. (17)-(24), the adsorbed number, N,
and x are determined as solutions of the fol-
lowing equations.

Vv e

N=X—Jexp(—ﬁ) (25)

s=80+(2x—CORO);Td\/1—x2 (26)

0
1 oF , Ry ny

e =1+ Rycy—x?— L —Bln(T—l)

=0 27)
kT
p= 8k (28)

By using Egs. (16)—-(18), Egs. (25) and (27) can be
solved to obtain N and n as a function of X.
Before solving the problem, we will calculate the
minimized free energy F,;, of the total system.

Inserting the result of Egs. (19)-(22) into Eq.
(15), we finally obtain

F. —F, =Xlen(1 - %) + NKT
n
+ nOlen(l - —) (29)
n,
where
F = —xkTin( Y (30)
0= — n X

is the free energy of a monomer aqueous solution
of talin without adsorbing to vesicles. Because the
RHS of Eq. (29) is negative, the total free energy
is lowered by adsorbing talin to vesicles, rather
than the dissolved monomers in the aqueous solu-
tion. A further analysis of the above formulation
is continued in Section 3.

3. Detailed analysis of the adsorption isotherm of
talin to vesicles

In Section 2, we formulated the theoretical
algorithm of the adsorption of talin by changing
from spherical vesicles to cup-shaped vesicles. In
this section, we apply the formula of the previous
section to reproduce the observed data of the
adsorption of talin to vesicles [3]. Eq. (25) is
rewritten as

Cy=Cx—-C,, (31)
where
N
Cy= v (32)
X
Cy= % (33)

are the adsorbed and total concentrations of talin,
respectively, and

C, = 6611—36(— &) (34)
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is the threshold concentration for the adsorption
of talin. Although we cannot address the exact
value of C,;,, the value is estimated to be around
1 wM according to the observed data [3]. Because
the second term of Eq. (26) is small compared
with the first term, we approximately estimate the
value of g, as follows

£y =202KkT (35)

from Eq. (34), where we assumed d =10 nm. If
we consider the large molecular weight of talin,
the value of Eq. (35) may be reasonable.

Next, the number, n,, of the initial spherical
vesicles is determined by the relationship

N, _ 8uRy (36)
n, s

where the factors, NV, and s are the total number
of lipid molecules and the occupied surface area
per lipid molecule on the membrane, respectively.
By using the various factors defined previously,
the ratio n,/n in Eq. (27) becomes

Mo s Gy &
n ~ 2dR, (Cy—C,) o

where C, is the concentration of lipid defined by
C, =~ (38)
Eq. (27) is rewritten in the following form

1+R0c0—x2—@=sln(%—1) (39)

From Egs. (37) and (39), the relative curvature x
is determined as a function of the concentration
C, of talin. Examples of the left-hand side (LHS)
of Eq. (39) are plotted in Fig. 2 for several values
of Rc,.

Because the factor, g in Eq. (39) is small com-
pared with unity, the effect of V1 —x? in Eq. (37)
for determining x can be neglected as a first
approximation. Although there exists two solu-
tions of x, as can be seen in Fig. 2 for an
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Fig. 2. The change of Eq. (39) as a function of x for several
values of Ryc

coRo=02

appropriate concentration, the smaller solution of
x shown as the point P is the correct one. The
other, point Q, is not correct, and corresponds to
the free energy maximum point. By solving Egs.
(37) and (39), x decreases and the number n of
cups increases, when the concentration C, in-
creases. This fact is consistent with the observed
data. Also, it is expected that the orifice with
finite size appears after reaching another thresh-
old concentration larger than C,, as shown in Fig.
2 as point S. The typical shape seen in the data
[3] corresponds to approximately x <0.8. The
curve for ¢,R, =1 in Fig. 2 corresponds to this
case. In this case, we can say that the radius of
the spontaneous curvature of spherical vesicles is
expected to be R,=1/c,. In many other cases,
the radius of the orifice of coffee cups becomes
larger from a small size by increasing the concen-
tration of talin [3]. This fact shows that the point
S in Fig. 2 corresponds to x=1 and R;,=2/c,.
The initial spherical vesicles without frustration
generate coffee cups with small orifices at the
threshold concentration of talin. On the other
hand, the vesicles with negative spontaneous cur-
vatures may remain spherical, because Eq. (39)
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does not have a solution for x to form coffee
cups.

We now assume that the spontaneous curva-
ture is zero in Eq. (39). Then, the LHS becomes a
monotonous decreasing function of x. In this
case, we can not obtain a solution that minimizes
the free energy. Thus, positive spontaneous cur-
vatures of the vesicle is the necessary condition to
form a cup shaped vesicle. If there are spherical
vesicles with negative spontaneous curvatures,
they can not be candidates for cup-shaped vesi-
cles.

Before moving on to the next topic, we will
discuss the minimized energy F,;, in Eq. (29). As
the last term of the RHS of Eq. (29) is small
compared with the other terms, we will neglect
the last term for further analysis. Then, the
minimized free energy, f, per molecule scaled by
kT becomes

F...—F C
f: min 0=1_

W th _ ln(&) (40)

C NGy

by using the definitions of Egs. (33) and (34). If
we neglect the small correction of C,, as a func-
tion of Cy, the change of f as a function of
Cy/C,, is shown in Fig. 3. The important point is
that the function, f, possesses an inflection point
at Cy=2C,,, as schematically shown in Fig. 3.
The meaning of this fact will be discussed in the
following paragraphs.

Next, we will discuss the possibility of the coex-
istence of coffee cups and sheet-shaped vesicles
observed in the experimental report [3]. Even
though the observed sheet shaped vesicles seem
to possess small curvatures, the sheet shaped
vesicles are modeled as a flat elliptic sheet, as
schematically drawn in Fig. 4. We defined the
lengths a and b as shown in Fig. 4. The eccentric-
ity, e, of the ellipse, by definition, becomes

a’> —b?

a2

(41)

Q
Il

The area of the ellipse is wab, and the length of
the periphery L is expressed from the formula of
elliptic function (second class) as

f
4 Cy Cx
0
P
\
Q \
spherical coffee cup coffee cup, sheet
vesicle & sphere sheet, & sphere
& sphere

Fig. 3. Schematic drawing of the minimized free energy, f
[Eq. (40)] as a function of the concentration Cy of talin. The
curves A and B are for coffee cup and ellipse. The lower part
is the schematic drawing of the phase diagram.

L=4wR,g(e) (42)
where
1 1 32 o
gle) = (1+—+—+...)
REEED 2 o4
(43)

=1—V1—e2
1+V1+e?

5 (44)

The corresponding equations to Egs. (26) and
(27) become

£=g, (45)
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L oF
87k on

—Rycy—1— Bln(% - 1) 0  (46)

The profile of the free energy f per molecule is
also shown in Fig. 3 with a slightly different value
of C,,. In this case, however, C,, is constant,
different from that of the coffee cup. Eq. (46) is
rewritten as

ny

kT

47)

where AFE =8mwk(cyR,—1). According to the
observed data [3], almost all spherical vesicles are
converted to sheet like vesicles, so that n in Eq.
(47) is expected to be close to n,. In other words,
AE in Eq. (47) is expected to be negative. By a
similar procedure shown before, the relationship
corresponding to Eq. (16) becomes

N L 47 R
iy i %g(e) (48)

Finally, we obtain the equation which determines
the eccentricity, e, as follows;

2Ryd C,—C
g(e)=[1+exp(i—?)] SO XC—Lth (49)

The above equation shows that the eccentricity of
the ellipse can be evaluated directly as a function
of Cy. By increasing the concentration Cy, the
circle with the radius 2R, appears at e = 0. After
the formation of a circle, it deforms to an ellipse

A

< 2a »

Fig. 4. Schematic picture of a elliptic sheet vesicle.
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Fig. 5. The factor g(e) as a function of eccentricity, e.

as the value of C, increases. Even though the
free energy profile f of Eq. (40) is formally identi-
cal to the cup-shaped vesicle, however, the C,, in
Eq. (49) is a constant different from that of the
coffee cup vesicles. In the case of the coffee cup
vesicle, the effective affinity energy e changes as
a function of the concentration Cy through Eqgs.
(39) and (26). From this difference of the concen-
tration dependence of the affinity energy e, the
two energy profiles possess the common tangent
P to Q, as shown schematically in Fig. 3. The
expected shape change of the vesicles based on
the above energy profiles is also shown in Fig. 3.
The actual vesicles observed are not an ellipsis
but sheets that possess a more complex periphery.
The elliptic shape is a model for mathematical
simplicity and clarity of the evaluation. The func-
tion g(e) is calculated and shown in Fig. 5. The
cross section of the curve and the horizontal line
determines the eccentricity, e, as a function of the
concentration of talin, C. The possibilities of flat
vesicles with rectangular shape were also ana-
lyzed. However, the concentration range of the
rectangle was shown to be higher than that of the
ellipse.

Although rare, deformed spheres with two ori-
fices were observed in the experiment [3]. The
schematic picture of this vesicle is shown in Fig.
6. We will analyze the possibility of this vesicle by
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a procedure similar to the one given above. The
surface area S of this vesicle becomes

S=4nR> 1—(%)2 (50)

From Egs. (3) and (5), we obtain

_Ry

< 1—x* (51

r

The number of adsorbed talin molecules per vesi-
cle becomes

_danr

N=—3

(52)

Although we do not show the detailed procedure
of this calculation, the equation that corresponds
to Eq. (39) becomes

4

1—x
x>—cRyx+c,Ry—1+xQx—c R, ——
0o A% ( 0 0)1+x4

- Bln(% - 1) (53)

The affinity energy e turns out to be

a (54)

Although we do not show it here, the left-hand
side of Eq. (53) for several values of ¢, has been
calculated. The maximum values of these as func-
tions of x are lower than those of Eq. (39) for the
same c,. This means that the vesicles with two
orifices should appear in a higher concentration
range than that of coffee cups. The experimental
data are consistent with this fact. Different from
the case of cups, the LHS of Eq. (53) behaves as
an increasing function of x, even when the spon-
taneous curvature is zero.

The coexistence of the cups and vesicles with
two orifices with different spontaneous curvature
can also be considered and could be analyzed.
However, we will not proceed further with the
calculation. This is because the observed data [3]
are not precise enough to quantitatively evaluate

curved cylindrical vesicle

—>
4__
adsorption
equilibrium
n | |
X-N N

Fig. 6. Schematic picture of the partial sphere with two ori-
fices.

the theoretical parameters introduced in this the-
ory.

4. Conclusion and discussion

The adsorption of protein molecule (talin) to
the orifice of coffee cup shaped vesicles, de-
formed from spherical lipid vesicles, was analyzed
by the statistical mechanical theory. The bending
energy of the membrane was taken as the me-
chanical energy of the vesicle deformation. By
minimizing the free energy of the total system of
talin and lipid, the adsorbed number of talin
molecules and the shape of the cup were de-
termined as functions of the concentration of
talin. The expected concentration dependence was
qualitatively consistent with the observed experi-
mental data. The vesicle with an elliptical shape
was also analyzed and was shown to coexist with
the cup shaped vesicle.

A positive spontaneous curvature for the bi-
layer membrane was shown to be the necessary
condition for the formation of the coffee cup
vesicles. The observed shapes of the cups are not
exactly partial spheres cut by a plane, but rather
elongated spheres from the orifice. Although not
shown in this report, the assumption of spheroids
cut by a plane could lower the energy more than
that of the partial spheres. Additionally, some
line torque from the inside cup to the outside cup
may work along the orifice. At this point, a more
detailed analysis is required.
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The vesicle is an open system due to the ad-
sorption of talin between the aqueous solution
and the periphery of the vesicles. Therefore, a
comprehensive understanding of the mechanical
force balance is not easily obtained. Thus, we will
estimate the line tension energy of a coffee cup
vesicle. From Eq. (8), we can describe the me-
chanical energy of a coffee cup vesicle as

Ecup=2frn<(2x—coR0)2 +27re, (55)

where g, is the apparent line tension energy per
unit length of the orifice. Using Egs. (5) and (6),
the mechanical balance of the vesicle is described
as

dE,, 4mkr
drp =— R 2x—cyRy) +27me, =0 (56)

Then, the line tension energy, &, , becomes

2kr
8L=XT%(2x—c0RO) (57)
The line tension is positive when the spontaneous
curvature is not large in the early stage of cup
formation (x =c,R,/2). Its absolute value is an
increasing function of r when the radius r is
small. The order of the magnitude of the line
tension per molecule is roughly kd/R,, which is
small compared with k7. The idea of line tension
has already been introduced by others [13-15].
Although we postulated a monodispersed vesi-
cle solution with the same spontaneous curvature
throughout the analysis, a polydispersity with re-

spect to the size of the vesicles and the difference
of the spontaneous curvature might exist in the
observed system. The extension of our theory to
the polydispersity of vesicles is a problem for
future studies. Lastly, the real-time dynamics of
the beginning of cup formation will be one of the
challenges for future work.
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